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It is shown that a subgroup of SL(2,M), denoted Spin(2,M) in this paper, which 
is defined by two conditions in addition to unit quaternionic determinant, is locally iso- 

1 j morpUc to t He — L „ renb group , 4- 0n *. ^ of a. Dlrac tey uslng 
i-g ■ the spinor group Spm(2, H), in which the charge conjugation transformation becomes 
o ■ linear in the quaternionic Dirac spinor, it is shown that the Hermiticity requirement of 

the Dirac Lagrangian, together with the persistent presence of the Pauli-Giirsey SU (2) 
j> ! group, requires an additional imaginary unit (taken to be the ordinary one, i) that com- 

•rH , 

^ . mutes with Hamilton's units, in the theory. A second quantization is performed with 

this i incorporated into the theory, and we recover the conventional Dirac theory with an 
automatic 'anti-symmetrization' of the field operators. It is also pointed out that we are 
naturally led to the scheme of complex quaternions, HF, in which a space-time point is 
represented by a Hermitian quaternion, and that the isomorphism SL(1, H c )/Z 2 = L\ is 
a direct consequence of the fact Spm{2,U)/Z 2 = L\. Using 5L(1,H C ) = SX(2,C), we 
make explicit the Weyl spinor indices of the spinor-quaternion, which is the Dirac spinor 
defined over H c . 
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§1. Introduction 

In the past years, there have been many attempts to apply quaternions 1 '' to relativity, 
despite the essential difference that the division algebra, H, of real quaternions, which occupies a 
unique position in mathematics, can be regarded as the 4-dimensional Euclidean space 1R 4 , while 
the Minkowski space-time is a 4-dimensional pseudo-Euclidean space with signature 2. This 
difference has been overcome by employing complex quaternions, suggested by the introduction 
of an imaginary time coordinate. 2 - ) However, in relativity, i is completely superffuousE3 It is 
more desirable to represent the Lorentz transformations in the quaternionic approach without 
recourse to i. Since it is obvious that the space-time point cannot be written as a real quaternion, 
we should consider the next simplest case, a 2 x 2 quaternionic matrix, which in turn implies 
a 2-component quaternionic spinor. The purpose of this paper is to show that the Lorentz 
transformations can be represented in terms of Hamilton's real quaternions only in a manner 
similar to that used in spinor analysis, while a consistent Lagrangian formulation of the Dirac 
theory based on Hamilton's real quaternions requires an % that commutes with them. 

The spinor analysis is based on the field of complex numbers. Spinor analysis over the field 
of real quaternions involves SL(2, M) spinors, which are Weyl spinors in D = 6 space-time, 
and it was studied thoroughly by Kugo and Townsend 3 ** in relation to D = 6 supersymmetry. 
However, this has no immediate application to 4-dimensional Minkowski space-time, because 
SX(2,H) is locally isomorphic to the conformal group 50(5, 1) in M 4 . As is well known, the 
Lorentz group S0(3, 1) is a subgroup of S0(5, 1). In this paper, we seek a spinor analysis over 
the field of real quaternions, so that we end up with groups that are no wider or narrower than 
the Lorentz group 5*0(3, 1). 

To this end recall that, in the spinor analysis, the restricted Lorentz transformations are 
represented by 2-dimensional complex unimodular matrices which form the group SX(2,C). 
Thus, we need Pauli matrices including the unit matrix cro- The set of three Pauli matrices 
{oi, 02, 03} furnishes an irreducible representation of an odd Clifford algebra of rank 1. It 
is therefore natural to associate three spatial coordinates with them. That is, an arbitrary 
space-time point (x°, x 1 , x 2 , x 3 ) is represented by a complex Hermitian matrix of the form 

X = x°a + x 0i + x 2 02 + £ 3 C3 

*i:ihi: oMo-O; ™ 

whose determinant (x ) 2 — (x 1 ) 2 — (x 2 ) 2 — (x 3 ) 2 is Lorentz invariant. The restricted Lorentz 
transfomation is then represented by A G SL(2, C) through X — ■> X' = AXA* 1 , which leaves 

*> Misner, Thorne and Wheeler declared a farewell to "x 4 = id" from the viewpoint of general relativity. 
(See Box 2.1 in their book Gravitation, 1970.) 
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the determinant invariant, i.e. det X 1 =det X. 

It should be noted, however, that only the second Pauli matrix, 02, contains the imaginary 
unit %. Since there exists only one imaginary unit in complex numbers, any complex Hermitian 
matrix can be written in the form (11-11) for real x % (i = 0, 1, 2, 3). By contrast, quaternions have 
three imaginary units (Hamilton's units), i,j and fc, the same number as the dimensionality 
of our space. It is tempting, therefore, to assume that three spatial coordinates are formally 
associated with the three matrices obtained by replacing i in <ji with k. This implies that 
we associate an arbitrary space-time point with the quaternionic matrix 

X = a; | " \+x L [ " ■ \+x z [ " J 1+arM T I , (1-2) 

where the matrix with coefficient x° is changed to minus the unit matrix for convenience. The 
apparent parallel between the spatial coordinates and Hamilton's units, and the clear separation 
between time and space in (11-21) . as in (11-11) . make it more natural to consider X than X as a 
position matrix and represent the Lorentz transformation as a linear transformation^ 

X^X' = AXA f , (1-3) 





provided that detX is Lorentz invariant!**- 1 ! and det A = Unfortunately, however, the 

matrix (II -2p is not the most general Hermitian matrix in the field of real quaternions. (See the 
next section for the definition of the Hermiticity of a 2 x 2 quaternionic matrix.) It follows that 
the unimodular matrix A in (11-31) cannot be any element of SL(2,M). We must have further 
conditions in addition to unimodularity to define the matrix A, but nevertheless retain the 
group properties of the set of such A. If we can do this, we will have succeeded in representing 
the Lorentz transformations in terms of real quaternions only§ 

It is rather easy to find such conditions by noting that to define the most general 2x2 
Hermitian matrix in the field of real quaternions, we need two more matrices, <J\ and 03, 
in addition to the matrices presented in (1 1 • 2 p . This suggests that, if these two matrices are 



*> This possibility was once considered by the present author in Ref. 4), which, however, contains neither 
group theoretical considerations nor the definition of the quaternionic determinant. Rather, it puts emphasis 
on the quaternionic Dirac theory with less attention given to the intrusion of i into the theory. A brief comment 
on the group properties was made in Ref. 5). 

**) It is seen in §4 that detX = [{x ) 2 - {x 1 ) 2 - {x 2 ) 2 - {x 3 ) 2 } 2 . 

***) We see in the next section that we have det =det A for any 2x2 quaternionic matrix. 

The possibility of representing the Lorentz transformations in terms of real quaternions only was first 
put forward by Dirac, 6 ' who employed the projective method. Our work in Ref. 4) was largely influenced by 
Dirac's 1945 paper. Rotclli 7 -' independently found a quaternionic representation of the Lorentz group in a work 
proposing a quaternionic Dirac equation. 
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invariant under the transformation by A, i.e. 

ActiA* = <ri, AasA 1 = a 3 , (14) 

then the transfomation (ll-3j) leads to the most general linear transformation for 4 real param- 
eters, x % (i = 0, 1, 2, 3) with the constraint det X'=det X. We show in §4 that the set of such A 
indeed does form a group, denoted Spin(2, H) in this paper, which is locally isomorphic to the 
restricted Lorentz group, L + . 

Once we have found the spinor group Spin(2,M) over the field of real quaternions, a next 
natural task is to reformluate the Dirac theory based on it. The Dirac spinor now consisting of 
two-component quaternions undergoes linear charge conjugation transformation, which means 
that the Pauli-Giirsey SU (2) group 8 -* can be interpreted as a right translation of the quater- 
nionic Dirac spinor. 

The existence of the Pauli-Giirsey SU (2) group and the Hermiticity requirement of the 
Dirac Lagrangian constructed from the two-component quaternionic Dirac spinor have the im- 
portant consequence that an additinoal imaginary unit that commutes with Hamilton's units 
must be introduced into the theory. Taking this additional imaginary unit to be the ordinary 
imaginary unit i, the intrusion of i into the theory allows us to make use of the Pauli represen- 
tation (involving i) of quaternions and, moreover, allows us to construct the scheme of complex 
quaternions via diagonalization of the matrix ( 11-21) and A of (11-41) . It is shown in §6 that the 
diagonalization transforms the matrix (1 1 • 2 j) into the diagonal form 

\ o -l J \ o a ) \ o ij J \ o ik J 

Consequently, it is sufficient to consider Hermitian quaternion**) 

x = x° + x^iii) + x 2 (ij) + x 3 (ik), (1-6) 

which has the indefinite norm squared (a; ) 2 — (x 1 ) 2 — (x 2 ) 2 — (x 3 ) 2 . The matrix A is similarly 
diagonalized, simplifying the transformation (II -3p with (II -4p to 

x ^ x > = UxU\ (1-7) 

where the squared norm of x' is eqaul to the squared norm of x, and U G SL(1,M. C ), the set 
of unit complex quaternions. In this way, we naturally arrive at the conventional approach 

*) Recall that the Pauli-Giirsey SU(2) group is a symmetry group of the massless Dirac Lagrangian which, 
in addition, possesses the familiar chiral symmetry. 

**' A Hermitian quaternion is a complex quaternion which is invariant under the operations i — > — i, in 
addition to i, j, k — > — i, —j, k, respectively. 
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of employing complex quaternions to represent the Lorentz transformations and reformulate 
the Dirac theory over EI C , the algebra of complex quaternionsE3 Considering the isomorphism 
SL(1,M°) = SL(2,C), we also find a relation to the spinor analysis (over the complex field). 
Using the Pauli representation of quaternions, it turns out that (11-61) is identical to (ll-ip . while 
f TTTl) is merely the transformation, X -»• X' = AXA j for A G SL(2, C). (The details concerning 
these points are given in §6.) 

This paper is arranged as follows. In the next section, we give a brief survey of the basic 
properties of real quaternions and of the 2x2 quaternionic matrix. We then present a proof of 
the isomorphism SL(2, H) = 50(5, 1). This isomorphism is well known; the proof appearing in 
§3 uses arguments similar to those in spinor analysis. This proof is used in §4 to establish the 
isomorphism Spin(2, M.)/Z 2 = L* + . On the basis of this isomorphism, we reformulate the Dirac 
theory in §5, where the neccessity of the additional imaginary unit in the theory is pointed 
out, and it is explicitly shown that the factors in the Dirac Lagrangian are automatically 
'anti-symmetrized', as postulated in the proof of the CPT theorem. 9 ) This automatic 'anti- 
symmetrization' comes from the linearity of the charge conjugation transformation for the 
quaternionic Dirac spinor. In §6 we diagonalize the matrix A using a complex unitary matrix 
and discuss the natural appearance of complex quaternions in the theory. It should be remarked 
here that, in our approach, the incorporation of i into the theory is not due to the geometry of 
Minkowski space-time but due entirely to the consistency requirement in the quaternionic Dirac 
theory in the Lagrangian formalism. In the final section we summarize our results, making some 
comments on the application of complex quaternions to the Dirac theory in general relativity. 
Appendix A collects some interesting properties of the matrix A in (11-41) . which were reported 
in Ref. 4) without proof. 

§2. Quaternions and M(2,H) 

To define our notation, we briefly recall the basic properties of the algebra of quaternions, 
EL Any quaternion q G EI consists of four real numbers and can be written in the form 

q = q + iq 1 + jq 2 + kq 3 = q + q\i + q 2 j + q?,k, qi G R, (2-1) 

where Hamilton's imaginary units i, j and A; satisfy the equations 

i 2 = j 2 = k 2 = -1, ij = k = -ji. (cyclic) (2-2) 

*' Our fomulation suggests, therefore, that the scheme of complex quaternions used in relativity is not to be 
assumed from the outset but to be considered as a natural mathematical method inherited from the Spin(2, H) 
Dirac theory. 
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Hence, the algebra EI is not commutative and associative, as, for instance, (ij)k = i(jk). The 
quaternionic conjugation q of q is defined by 

q = qo-iqi- jq2 ~ kq 3 , 
pq = qp, p,q E H. (2-3) 

The real and imaginary parts of q are given, respectively, by 

Re q = - (q + q) = Re q , Im q = - (q — q) = — Im q . (2-4) 

Although quaternions are not commutative, the real part of the product of two factors is 
independent of the order of the factors: 

Re[qp] = Re[pq], p, q E H. (2-5) 

This is generalized to the cyclic property of the operation Re[ • • • ] involving an arbitary number 
of factors. The norm of a quaternion q, 

N{q) =qq = qq = \q\ 2 = q 2 + q\ + q\ + q\ , (2-6) 

is non-negative, vanishes iff q = 0, and possesses the composition property 

N(pq) = N(p)N(q), p, q E M. (2-7) 

This means that EI is a division algebra. The inverse of a non-zero quaternion q is q~ l = q/\q\ 2 , 
and we have (pq)" 1 = q~ 1 p~ 1 . 

Before going on, it is convenient to adopt the following notation for the algebra EI: 

1 = e , i = ei, j = e 2 , k = e 3 . (2-8) 

Then we have 

H = {q = q e + q x e x + q 2 e 2 + q 3 e 3 = q^ (i = 0, 1, 2, 3); q , q 1 , q 2 , q 3 E R}. (2-9) 

Note that e$ is the unit element of the algebra EI; that is, we have e^e^ = e$ and e^e = eeo, 
with e = (ei,e 2 ,e 3 ), and (12-21) becomes 

e a e b = -5 ab e + e abc e c , a,b,c= 1,2, 3, (2-10) 

where e abc is the 3-dimensional Levi-Civita symbol with e 123 = 1. 
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Any quaternion p can also be written as 

P = e (po + £> 3 e 3 ) + e 2 (p2 + Pie 3 ) = e Pi + e 2 V 2 , 



(2-11) 



with "Pi = p + p 3 e 3 and P2 = £>2 + Pie 3 - This is called the symplectic representation. If we 
write 



<?e = e (g + g 3 e 3 ) + e 2 (g 2 + 9ie 3 ), 
ge 2 = e (-g 2 + gie 3 ) + e 2 (g - g 3 e 3 ), 



? G H, 



(2-12) 



we easily find 



qp = (e , e 2 ) 



(2-13) 



<?o + g 3 e 3 -q 2 + qie 3 \ I Vx 
q2 + qie 3 go - g 3 e 3 / \ V 2 
This implies that the mapping p —> qp with g G H, an endomorphism of H, induces the linear 
transformation 



V 2 



v> 2 



go + g 3 e 3 -g 2 + gie 3 \ I V\ 
q-i + gie 3 go - g 3 e 3 / V V 2 



(2-14) 



The transformation matrix in f)2-14p is a representation of q G H, since e\ = — 1 and gje 3 = 
e 3 g« (i — 0, 1, 2, 3). Now, it is important to recognize that the transformation matrix in ( 12-141) 
is complex, because the field C(l,e 3 ) spanned by 1 and e 3 is isomorphic to the complex field 
C. However, there is an ambiguity in the identification of e 3 to establish the isomorphism. 
Specifically, it could be either \/— 1 or — \/— 1, and these two identifications lead to two repre- 
sentations 



p(q) 



go + g 3 e 3 -g2 + gie 3 

g2 + gie 3 g - g 3 e 3 

go + g 3 e 3 -q 2 + gie 3 

g2 + gie 3 g - g 3 e 3 



e.:i = 



where we use the conventional notation % 



yf—\. We then have 



go - m -92 - n\ 
g2 - iqi go + m 

go + m -?2 + iqi 
g2 + iqi go - m 



[2-15) 



(2-16) 



Reg = -trp(g). 

These two representations are equivalent, because p(q) and p(q) satisfy 

uJpiq)^ 1 = p(q), UJ = ( ° 1 



(2-17) 



(2-18) 



*> The similar relation Reg = itrp(q) will not be used below. 
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This is analogous to A ~ A* if A £ For the basis (12 - 8 p . we find 

p(e ) =o-o=l " " I , p(ei) 



P( e 2) 



-Z0 2 




P( e s) 




(2-19) 



with o"i = ((To, 0i, o"2, 03) being the Pauli matrix (with the unit matrix <jq included). Accordingly, 
we call the representation p(q) of (2-15) the Pauli representation of a quaternion q. Note that 
it involves i. Similarly, we have 



P(eo) 



p(e 2 ) = -^2 




p(ei) = -zcrj 



z 

1 



■ ~ * 




(2-20) 



with <7j = (o"o, —0i, —02, —03)- The matrix 0; satisfies the identity 0« = ujaju 1 . 
There is another representation given by the 4-dimensional complex matrix 



u(e Q ) = O 



( 1 \ 

10 

10 

y 1 J 



( 








w(e2) = -^2 = 



/ 








— % 





\ 













1 






—i 













V 





-1 








/ 



u(e 3 ) = -if2 3 = 



-i \ 



0-1 

1 J 

( 

0-1 

1 

y -% 









.(2-21; 



/ 



This representation is not irreducible, but it is a direct sum of the above representations: 

/ 1 1 \ 

p(q) \ 1 % 



Vuj(q)V- 1 







r 



V 



1 i 

-1 i 







(2-22) 



/ 



*^ For a real quaternion g, we simply have p(q) = p*(q)- Although (|2-18j) is still valid for a complex 
quaternion q, the equality p(q) = p*(q) no longer holds for a complex quaternion. This fact has a non-trivial 
implication, as we see in §6. This is the reason that we express the two representations with different notation. 
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This fact is used in §6. 

We also consider the 2x2 quaternionic matrix 



a b 
c d 



, a,b,c,deM. (2-23) 



The set of A is called M(2, H). Its quaternionic conjugation, A, is obtained by taking the 
quaternionic conjugation of all elements, and thus 

1, A ( Rea Reb \ 

ReA^A + A)^^ Re(j j. (2-24) 

We also define 

Tr A = tr (Re A) = Re (tr A), (2-25) 
where tr representss the matrix trace. Hermitian conjugation of A is defined by 

At = A*=(» 1). (2,6) 

If A = At, A is said to be Hermitian. The set of Hermitian matrices is denoted by H (2, H) = 
{A G M(2,H); A" 1 " = A}. Any A G H(2,M) has real diagonal elements, and thus TrA =trA. 
From the cyclic property of the operation Re [■ • • ], we have 

Tr (AB) = Tr (BA), A, B G M(2, H). (2-27) 

In contrast to the case of a tranposed matrix^ we have 

(A 1 A 2 ) t = AjAl. (2-28) 

The quaternionic determinant is defined by 

det A = det p(A) = det [ P(a) p(6) ) , (2-29) 

V P{c) p{d) J 

where p is the representation (2-15). Because p satisfes p(aia 2 + &ic 2 ) = p(aia 2 ) + p(&ic 2 ) = 
p(ai)p(a 2 ) + p(bi)p(c 2 ), the following composition relation holds: 

det (AiA 2 ) = (det Ai)(det A 2 ). (2-30) 



^ Due to the noncommutativity of quaternions, in general we have (A!A 2 ) T ^ A^A^ 
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By factorizing the matrix (I2-23P and using the composition property fl2-30p . we find 

a b\ f a-bd~ l c bd^ 1 \ f 1 

det I = det det 1 . (2-31 

c d ) \ 1 J \ c d 

We then make use of the definition f!2-29j) to obtain the result 

det A = det ( ° b ] = \a - bd^c\ 2 \d\ 2 , (2-32) 
c d 

since det ( | = \a\ 2 and det | | = \d\ 2 . This relation was quoted by Giirsey 10 ) 

v 1 y v° d ) ' 

without proof and is called the Study determinant, lj 

There are several equivalent expressions for the quaternionic determinant (I2-32H . Among 
them, we present two here: 

det I a b } =\a\ 2 \d\ 2 +\b\ 2 \c\ 2 -2Re[acdb] 



c d 



(H 2 - \b\ 2 )(\d\ 2 - \c\ 2 ) + \ac - bd\ 2 . (2-33) 



These are called the first (I2 32j) , second and third alternatives (12-331) of the quaternionic deter- 
minant. Using the second alternative, we obtain 

detA = detA f . (2-34) 

The inverse of the matrix A is given by 

, 1 / \d\ 2 a-cdb \b\ 2 c-abd \ , . 

A =~i — r o- - o- - . detA^O, (2-35) 
det A \ \c\ 2 b-dca \a\ 2 d-bac J 

where we repeatedly used the second alternative of the quaternionic determinant. The inverse 
matrix satisfies the usual relation 

(AxA^ 1 = A^Ar 1 . (2-36) 



The author is grateful to Professor T. Suzuki for informing him of Ref. 11). 
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§3. SL(2,M) as the spinor group of the conformal group in M 4 

It is well known that the group 

SL(2,M) = {A e M(2,H); det A = 1 1 (3-1) 

is the universal covering group of the conformal group in Euclidean 4-space M 4 : 

SL(2,M)^SO(5,l). (3-2) 

For later convenience in this section we present an explicit proof of f)3-2p in a manner similar 
to the proof of SL(2, C) = 50(3, 1). 

Any 2x2 quaternionic Hermitian matrix X = X^ has six independent real numbers, two real 
diagonal elements and one off-digaonal element, a quaternion with four real numbers. Hence, 
it can be decomposed into a sum of six independent Hermitian matrices with real coefficients 

as 

x = x°r + x x a + x 2 r 2 + x 3 r 3 + x 4 r 4 + x 5 r 5 = x 7 jj, x 1 (i = o, 1, • • ■ , 5) e r, (3-3) 

where 

r.-(;^). 

We use the notation o~o = — Jo, (J\ = A and = J5, while the second Pauli matrix 02 
is generalized to A.2,3 by replacing i with Hamilton's units, i,j,k. Thus, the six J 1 / (J = 
0, 1, • • ■ ,5) matrices are simply the Pauli matrices in D = 6 space-time. It is easy to prove the 
following: 

det;r = (-x 2 ) 2 , 

X 2 = -(X ) 2 + (X 1 ) 2 + (X 2 ) 2 + (X 3 ) 2 + (X 4 ) 2 + (X 5 ) 2 = VijX'X', 

rj = (ri u ) = diag (-1, +1, +1, +1, +1, +1). (3-5) 

We use the metric rjjj = t] IJ to lower or raise the indices J , J, K ■ ■ ■ , which run from to 
5. The most general transformation from a Hermitian matrix to another Hermitian matrix 
without changing the determinant is given by 

X -> X' = AXA\ A e SL{2, H). (3-6) 
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If we write 

X'^A'jX', r]jjA I K A J L = t]kli (3-7) 

we immediately obtain 

A 1 ^ = AIjA 1 ", A G SL(2,M), (3-8) 
where A j is now a continuous function of A : A 1 j = A 1 j(A). 
If we invert the matrix X, provided that X 2 ^ 0, we obtain 

X-^-L^X, X^X'Tj, (3-9) 

where 

f = r , r r = -r T . (/ = i,2,--- ,5) (3-10) 

Consequently, we have, since X 2 = X' 2 , 

A'jf/ = A t_1 /jA _1 , A g SL(2,M). (3-11) 
The matrices {!/, Jj}j,j=o,i, 5 satisfy the relations 

nrj + rjfj = -2 m jh, r T rj + = -2 VlJ i 2 , (3-12) 

where I2 = ( ^ ^ ^ is the unit matrix in SX(2,HI). Sandwiching the first of these equations 

between A (from left) and A" 1 (from right) we find from (13-81) and (13- lip that rjijA 1 K A J L = 
Vkl, which implies X 2 = X' 2 . Hence (yl 7 j(A)) G 0(5, 1). We next have to show the following: 

(i) A\ > 1; 

(ii) det (A'j) = 1; 

(iii) ^ J (A 1 )^ K (A 2 ) = A'^AiAa); 

(iv) ^(A) = A'j{-A). 

To prove the above results, we first note that, using Tr [//-Tj] = —2r]jj, from the definition 
and fl3~T0l) . (|^5|) leads to 

/l / J = -i'B:[Ar J Atf / ]. (3-13) 

First, we have A° Q = |Tr [AA^] > 0, and hence yi° > 1 from r]jjA J K A J L = t]kl- This is the 
result (i). To prove the result (ii), we make use of the formula 

Tr 1^^^^^^] = 15 terms containing r) U + 2e IJKLM N, (3-14) 
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where zuklmn is the 6-dimensional Levi-Civita symbol with €012345 = — 1- Now, using (13-81) 
and (13- lip , we compute 

CAV>) (A'ifj) (A K 2 r K ) (A L 3 f L ) (A M 4 r M ) (A N 5 f N ) 

= (Ar A t )(A t ^ 1 riA^ 1 )(Ar2A t )(A t ~ 1 r , 3A^ 1 )(Ar 4 A t )(A t ^ 1 r: 5 A- 1 ) 

= A(r r 1 r 2 r 3 r 4 r 5 )A-\ (3-15) 

Taking the trace Tr of this equation, no term containing an rjjj in (13-141) contributes to the 
left-hand side, as can be shown by making repeated use of rjjjA 1 K A J L = rjKL, while the matrix 
A disappears from the right-hand side. We are then left with 

-^(WVW) = +1, (3-16) 
which implies det (A 1 j) = 1, the result (ii). To prove (iii), we write 

^(AiM^ (A a ) = ( - \f (Tr [ctrjYj (Tr \j3 K f J ] j , (3-17) 

where a 1 = Aj/^Ai and (3k = A2-Tft-A 2 . Using the fact that both a 1 and (3 k are Hermitian, 
it is straightforward to show that 

( - \f \Tr\p K f J ] 

= -~Tr [oc^k] = -^Tr [(A 1 A 2 )tr / (A 1 A 2 )r lc ] = A 1 K (A 1 A 2 ), (3-18) 

which proves (iii). The property (iv) is obvious. Consequently, we have proved the isomorphism 
(13 -2p in a manner similar to that used in the spinor calculus. 



§4. The restricted Lorentz group as a subgroup of SX(2,IHf) 

The group SL(2, H) is wider than the Lorentz group; SL(2, H) has 15 real parameters, 
Lou = —ojji (I, J = 0,1,2,3,4,5), while the Lorentz group possesses only 6 real parameters, 
ujij = —Uji = 0, 1,2,3). The spinor algebraic proof of the isomorphism ( 13-21) has a great 
advantage concerning the restriction of SL(2,M) to the Lorentz group. In this section, we see 
how this restriction is made. 

The Lorentz transformations are obtained from the conformal transformations (13-71) in M 4 by 
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stipulating X' 4 = XX 4 and X' 5 = ^X 5 for A, [i £ R, which require that the planes X 4 = X 5 = 
remain invariant. That is, we take the matrix elements A 1 j simply as follows: 



A'j for / = z = 0,1, 2, 3; J = j =0,1,2,3, 

A for I = J = 4, 

/i for I = J = 5, 

otherwise. 



(4-1) 



First, we obtain the result that ( 13-81) leads to the equations 

Ao-iA 1 " = Xa 1} A0-3A 1 " = /io- 3 , (4-2) 

where we regard the Pauli matrices o\ = J4 and 03 = I5 as elements of M(2,H). Since 
det (A 1 j) = 1, we have 

(A/i)detyl = 1. (4-3) 

Here and hereafter we define A = -,)• Taking the quaternionic determinant of (14-21) . we must 
have A 4 = /i 4 = 1. Moreover, if Ai and A 2 satisfy (!4-2p . the product AiA 2 also satisfies the 
same equations, provided that A 2 = A and fi 2 = \i. Hence, A 2 = /i 2 = 1. There are, therefore, 
four cases, (A, fi) = (+1, +1), (+1, — 1), (— 1, +1), (— 1, — 1), which correspond, respectively, to 
det A = 1, — 1, — 1, +1. Note that A° > 1 is still valid in all cases. Suppose that we are given 
the matrix A for given (A,//). Then the cases (A, — /i), (— A, /i), (— A, — /1) correspond to the 
matrices, A01, Acr 3 , Acricr^ = Acu, respectively. However, only the case A = /i = 1 is connected 
to the identity {A 1 j) = (rj 1 7 ). 

Let us therefore consider only the connected component A = /i = +1 in what follows: 

ActiA 1 " = en, Aa 5 A j = 03. (4-4) 

This is the condition noted in fll-4p . Using o\ = u>a 3 , we have Auja^A" 1 = ua^ from the 
first equation. Combining this with the second equation, we have Ao;A _1 = uj. That is, A 
commutes with to. Therefore, A = QI2 + for Q, P £ H. For this A we have A^i^A^) = 
A(A0i i 3) = 0i 5 3, and hence AA = I2 which also leads to AA = 1 2 . This gives rise to the 
relations \Q\ 2 — \P\ 2 = 1 and Re [QP] = 0. Consequently, (14-41) is satisfied by the matrix 

A, A" 1 = A, 

Re [QP] =0, Q,PeU. (4-5) 

The two conditions on the matrix elements imply det A = 1 from the third alternative of the 
quaternionic determinant. The set of matrices (14-51) forms a 6-parameter group We call it 

*) This group is denoted G in Rcf. 5). 
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Spin(2,Wjui in this paper. It is a subgroup of SX(2, H), because, for any Ai, A 2 G Spin(2,M.), 
we have 

-£)(£ *)-(£ ^ 3 ) eM (4 - 6) 

since (Q3 = Q1Q2 — P1P2, P3 = Q1P2 + P1Q2) satisfies the two equations in (14-51) if (Qi, Pi) {i = 
1, 2) satisfy the same equations. In what follows, A always represents the matrix (14- 5p belonging 
to Spin(2, H). Some properties of this matrix are summarized in Appendix A. 

Second, we obtain the following relationship between Spin(2, H) and the restricted Lorentz 
group in analogy to the spinor analysis. We have already encountered the necessary formulae 
in the previous section. Disregading the coordinates X 4 and X 5 in the previous section, we 
simply write X 1 = x % (i = 0, 1, 2, 3) and 

X = x'r u (4-7) 

where (i = 0, 1,2,3) are given by (j3-4|) . The position matrix (14-71) is identical to fll-2p . Its 
determinant is, from (13-51) . 

det X = (-x 2 ) 2 , x 2 = Tfo-xV, 7] = {raj) = diag (-1, +1, +1, +1). (4-8) 

We use the metric rjij = rfi to lower or raise the indices i,j,k---, which run over 0,1,2,3. The 
transformation (!3-6j) is reduced to 

X -> X' = AXA f , A G Spin{2, B). (4-9) 

Writing 

X* = A l jX j , A T r]A = 77, (4-10) 

we obtain, as in (13-81) . 

A 1 ^ = Ar.At, (4-11) 

where A 1 j = A 1 j(A). That is, the Lorentz tranformations are represented by real quaternions 
only, without recourse to an imaginary time coordinate. This is in sharp contrast to the 
conventional approach to the application of quaternions to relativity, which relies heavily upon 
the scheme of complex quaternions arising from the fact that the Minkowski space-time M 4 is 
formally converted into Euclidean space M 4 in terms of the imaginary time coordinate and that 
the division algebra, EI, of real quaternions is regarded as M 4 . We shall see, however, in the next 
section that the imaginary unit commuting with Hamilton's units enters into the theory for an 

*) The spinor group consisting of 2 x 2 quaternionic matrices (|4-5j) defined here is non-compact, in contrast 
to the compact spinor group Spin(n) (n> 3), which may be written Spin(n,R). 
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entirely different reason not connected to the geometrical structure of Minkowski space-time. 
For iV 0, (E7D leads to 

X-^-^X, Xsa;^, (4-12) 
— ar 

where jTj is given by (I3-I0p . Therefore, we have 

yl^Tj = A^~ 1 r j A~ 1 . (4-13) 
Restricting the indices as 7 = i and J = j in (13-121) , we havfl 

riPj + = -2^i 2 , + = -2^i 2 . (4-14) 

Then A T r]A = r\ follows, leading to the conclusion /1(A) G 5*0(3,1), because det/1 = 1. We 
already know that A° > lo The equation (I3-13P is simplified to 

yl* j = -^Tr [A/} A*/*]. (4-15) 

The two-valuedness A(A) = A(—A) and the homomorphism A 1 j(Ai)A J k (A2) = A 1 fc (AiA 2 ) are 
also obvious from the result in the previous section and (14-4jl . Hence, the following isomorphism 
is proved: 

Spin{2,W)/ Z 2 ^L\. (4-16) 

To summarize, we recall that, according to the spinor analysis, the proper orthochronous 
Lorentz transformations are represented by four complex numbers, a, j3, 7 and 5, with one 
complex constraint, a5 — ^7 = 1. Thus there are six free parameters. We have found an- 
other representation of the proper orthochronous Lorentz transformations in terms of two real 
quaternions, Q and P, with two real constraints, \Q\ 2 — \P\ 2 = 1 and Re [QP] = 0. Thus, again, 
there are six free parameters. This leads us to believe that there must be a connection between 
the two representations. Indeed, this connection is found in §6. 

In order to express A G Spin(2,M) in terms of A 1 j, we multiply (14-111) with l 77 from right 
and sum over j = 0, 1, 2, 3, obtaining 

Adrift = Ar J A t r j . (447) 

The following relations can be shown: 

r j A^T j = -4ReA T , (ReA T )" 1 = 1 Re A, Q 2 + Pq = -trA, tiA = A%. (4-18) 

Qo + -n o 4 



*) The quaternionic Dirac algebra formulated by Rotelli 7 - 1 is obtained by setting 7, = 03/^ = -Tj(X3, so that 
(|4-11[) and (|4-13l) read A* .7^ = A _1 7 i A, and the relation (|4-14|) becomes 7^7^ + 7^ = —2%. 

**) In the present case, it is easy to prove this directly from the following equation (|4-15j) : A° = 
(1/2)1* [AAt] = |Q| 2 + |P| 2 = |Q| 2 - |P| 2 + 2|P| 2 = 1 + 2|P| 2 > 1. 
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Substituing thes results into (I4-17P and using the relation Re [il-P] = — 77^ ^ 1 2 , we finally obtain 

1 



trA 



(yl\.r^)(ReA). (4-19) 



This equation gives ImA for given A 1 • and Re A. At first sight, it seems to be useless, because 
it does not reveal how the matrix A itself is determined once A 1 • is given, as is the case in the 
spinor analysis. Nevertheless, we can extract a meaningful result from it if we have 

A=l 2 + E, E = -E. (4-20) 

This is the case for infinitesimal transformations, A 1 ■ = rf • + a/ • with oj^ = —ooji, where 
AA = (1 2 + E)(l 2 + E) = 1 2 + E + E = 1 2 for infinitesimal E. We then find from flrigp that 

e = —Uijijv, s ij = ^(rf j - r j r). (4-21) 

The generators Z 1 *- 7 satisfy the commutation relations 

^ r fe/j = 2^**^' _ - r/^r^ + 7^'27 fc ]. (4-22) 

These are the same commutation relations obeyed by the Lorentz generators a u which are 
defined by lo 1 ^ = — (l/4:)uJki(a kl y a;- 7 . Hence, Spin(2,H) is locally isomorphic to L\_. 

The generators in the 3-dimensional notation can be obtained from the formulae given in 
Appendix A. Those for spatial rotations are given by 

A a = ( ° V a =1,2,3, (4-23) 

which are anti-Hermitian, while the boost generators are merely Hermitian r a , a = 1,2,3. 
Their commutation relations are 

[A a , A b ] = 2e ahc A\ [A\ r b ] = 2e ahc F\ \F\ F h \ = -2e abc A c . (4-24) 

Note here that r a = S a0 and E ab = e abc A c . 

§5. Dirac theory based on Spin(2, HI) 

It is well known that the spinor analysis, which originated from the Dirac theory, is based 
upon the isomorphism 

SL{2X)/Z 2 =L\. (5-1) 
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The fundamental spinors £ a (a = 1, 2) and rja (a = 1, 2), which transform as 

C = A a p e, (A) aP = A a , AeSL(2,C), 

V^ = A a %, {A^U = Ai, (5-2) 
constitute the Dirac spinor (in the Weyl representation), 

f 



'/<■ 



which undergoes the Lorentz transformation 



1>V) = [ q J 4>{x), x' = Ax, (54) 

with A -Oi = AojA^ . Thanks to Pauli's lemma, one can introduce the Dirac spinor ip in any 
representation of the Dirac matrix, Y (i = 0, 1, 2, 3), satisfying 

7 y + yy = 2r^', (5-5) 

where tp undergoes the Lorentz transformation 

i/j'(x') = S(A)iff(x), S^iA^SiA) = A^. (5-6) 

On the basis of the isomorphism (14- 161) . we find another formulation of the Dirac theory 
regarding a quaternionic 2-component object W as a Dirac spinor subject to the linear Lorentz 
transformation law 

\\j'(x') = Mf(x), A G Spin(2,B). (5-7) 

It is assumed that W is a Grassmannian quaternion: 

V = ^(1 = 0, 1,2, 3), Vt% , = -vl/j.vl/t. (5-8) 

If A is a general element A of SL(2,M), is called a SL(2,M) spinor, which is a Weyl 
spinor in D = 6 space-time. Such a SX(2, H) spinor was considered by Giirsey 10 -* but its 
kinematics, together with another Weyl spinor in D = 6, was thoroughly investigated by Kugo 
and Townsend, 3 '' who pointed out the relation between the division algebras, R, C, HI (and 
possibly O), and the supersymmetry in D = 3,4,6 (and possibly in D = 10), respectively, 
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and, in particular, presented a detailed description of D = 6 supersymmetry in terms of the 
SX(2,H) spinor. 

Our is not a SL(2, H) spinor but, rather, the Dirac spinor in quaternion language. As 
such, it is not expected that anything new appears. Nonetheless, it would be inetersting to see 
what kind of formalism is needed by regarding W as a Dirac spinor in D = 4 but not as a Weyl 
spinor in D = 6, as in Ref. 3). It turns out that Dirac field operators are automatically 'anti- 
symmetrized' due to the fact that the charge conjugation transformation for W becomes linear, 
in contrast to the non-linear charge conjugation transformation in the conventional treatment. 
An investigaiton along this line by the present author is given in Ref. 4). The present section 
is largely based on that work, but here we add detailed manipulations with emphasis on the 
important role played by the Pauli-Giirsey group. 8 -* 

Each component of v|/ must satisfy the Klein-Gordon equation 

(□-m 2 )M/ = 0, (5-9) 
with □ = r/^didj. This equation is obtained from the following quaternionic Dirac equation: 4 ) 

rdiV - ma 3 Ve 3 = 0. (5-10) 
To prove this, we operate on this equation with rWj from left to obtain 

r^jTOity - mr j dja 3 ^e 3 = ^(r j P i + rf^didjV - mr j d j( T 3 Ve 3 = 0. 

Using (14- 141) and noting the relation r i a 3 = a 3 r i (i = 0, 1, 2, 3), we arrive at 

-□V - ma 3 r j dj^e 3 = —OW - (ma 3 )(ma 3 ^e 3 )e 3 = (-□ + m 2 )V = 0. 
In this derivation, the presense of the imaginary unit e 3 on the right in the mass term of (15-101) 



is particulary important Cj The matrix a 3 on the left in the mass term of (15-101) converts the 
matrix P % to P l via the relation alluded to above. The matrix o\ may also be employed for 
this purpose. 

The Dirac equation (15-101) is Lorentz invariant with the transformation law ty(x) — > W(x') = 
AUf(x) for A G Spin(2, H), because of (14-131) . and possesses the Abelian smmetry, W — > 
\j/ e "e 3 f Qr gioba] a _ \i a } so possesses P, C and T invariances; the discrete transformations 
(in the one-particle theory) are defined by — > W(xp) = ±a 3 ty(x), ty(x) — * ty c (x) = 
— Ldty(x)ei, ty(x) — > ^\xp) = — o- 3 ty(x)e 2 , respectively, under P, C and T, where xp = —x 1 , 



*' The same quaternionic Dirac equation was obtained independently by Rotelli. 7 ^ In terms of Rotelli's 
quaternionic Dirac matrix j l defined in the footnote on p. 15, it reads 7*9,; U' — mM>e 3 = 0. 

**' The imaginary unit itself may be chosen as ex, e2 or e% but we keep our definition for convenience. 
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— x 2 , —x 3 ) and xt = (— x°, x 1 , x 2 , x 3 ). It should be noted that the charge conjugation transfor- 
mation is linear, while the usual 4-component formalism assumes the non-linear C-transformation 
property ip — > Cip T \ip = V^7 ; with C the charge conjugation matrix. In the massless case 
(m = 0) it also possesses the chiral symmetry, — > e au ^ for global a, and an extra non-Abelian 
symmetry, — > tyq, where q is a unit quaternion. We require below that this non-Abelian 
symmetry, which gives rise to the Pauli-Giirsey symmetry, remain intact in the Lagrangian 
formalism. It turns out that this requirement has a non-trivial consequence. 

The momentum-space expansion of W(x) is given by0 

\|/(ar) = [U (r) {p)A{p,r)e- {px)e3 + V (r \p)B{p,r)e ipx)e % (5-11) 

p,r=± 

where A and B are complex Grassmannian numbers over C(l, 63) given by 

A = a r - 0^3, B = (3 r - $e 3 , (5-12) 

with real Grassmannian numbers, a r , ccj, f3 r and The imaginary unit e 3 should be placed on 
the right of the spinors U^(p) and \A r )(p), which satisfy the e3-free Dirac equation 

{r Pi + ma 3 )U (r) (p) = 0, (f* Pi - ma 3 )y ( - r \p) = 0. (5-13) 

Since det (r i pi + mcr 3 ) =det (r i pi — mcr 3 ) = (p 2 + m 2 ) 2 , we have p 2 + m 2 = 0. We set 
p° = a/|p| 2 + m 2 = E(p) > 0, as usual. 

Defining the 'helicity' operator 

/ x A ■ p . 
*(p) = -7= (5-14) 

vW 

in terms of the spatial rotation generators (14-231) . we have only two independent solutions, since 
s\p) = -1 2 : 

s(p)\J {±) (p) = ±U (±) (p)e 3 , s(p)V (±) (p) = T V (±) (p)e 3 . (5-15) 
The orthonormality conditions for the spinors take the forms 

Re [UW f (p)U W (p)] = 2E(p)5 rs , Re [V (r) \p)\/ {s) (p)} = 2E(p)5 rs , (5-16) 
U^(p) and \/^(p) being orthogonal to each other. Similarly, the completeness conditions are 

U (r) (p)U (r)t (p) = 2(-r Pl + ma,), £vM(p)VM + (p) = 2 (-^ - ma 3 ). (5-17) 

r r 

*) The sum over the momentum is given by J2 P = I ^JpEip) > E(p) = Vp 2 + m2 - 
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In order to carry out a second quantization of the theory, we postulate the following(omitting 
the indices p, r, etc.) 

{A,A} = 1, {B,B} = 1, (5-18) 

with all other anticommutators vanishing. We see below in this section that the requirement 
that the Pauli-Giirsey symmetry group SU (2) in the massless Dirac Lagrangian remain intact 
also in the Hermitian Dirac Lagrangian constructed from W leads to the inevitable introduction 
into the theory of an additional imaginary unit that commutes with Hamilton's units. Taking 
this additinonal imaginary unit to be the ordinary imaginary unit i, we are free to make use of 
% also in the second quantization of the theory. Our approach is, therefore, essentially different 
from that employed in the quaternionic quantum mechanics and quaternionic quantum field 
theory, where such an introduction of % into the quaternionic theory is strictly avoided. 12 ^ 

Because we are free to make use of i, we introduce the projection operators 

E ± = ^(e ±te 3 ), (5-19) 

where i is assumed to commute with Hamilton's units e a (a = 1, 2, 3). The projection operators 
in (I5-19P satisfy 

El = E±, E + E_ = E_E + = 0, e 3 E± = TiE±. (5-20) 

Consequently, we have 

(A, A, B, B)E + = (a, a\ b, b ] )E + , (A, A, B, B)E^ = (a f , a, b\ b)E_, 

a = a r + ic*i, a' = a r — ia,^ b = (3 r + ify, b^ = (3 r — ifa, (5-21) 

which reproduce the usual anti-commutation relations among the operators f)5-2ip from the 
ansatz (j5-18j) . 

By definiton, E + + E_ = eo is the unit element of H, and thus we have the relation 

\|/ = v|/ + + \|/_, v|/ ± = WE±. (5-22) 

It follows from the last equation of f)5-20p that each ty± has an ordinary separation of positive- 
and negative- frequency parts, e ipx and e~ ipx , respectively, with particle (anti-particle) annihila- 
tion operators a (b) and anti-particle (particle) creation operators W (a*), respectively, for 

(*-)• 

Since is the complex conjugate (the Hermitian conjugate in operator language) of W + , if 
we assume that is an (internal-symmetry) multiplet belonging to n of SU(n), W_ belongs to 
n* of SU(n), which is not equivalent to n unless n = 2. The left-translation (including the case 
n = 2) and the right-translation common to both ty± can be treated without considering the 
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above decomposition. In particular, the Lorentz transformation is a left-translation common 
to both V|/ ± . 

We now go on to find the Dirac Lagrangian which leads to (15-101) employing the action 
principle. Since Lagrangian must be Hermitian, we choose it aaE3 

C! = Re [e 3 ¥f%\\J - me 3 ¥a 3 ^fe 3 }, 

where Hermitian conjugation reverses the order of the operators, together with e a — > e a = 



—e a (a = 1, 2, 3). The above Lagrangian is Hermitian up to a total divergence Jl^j as we have 

C' ] = Re [di^T^es - me 3 ¥a 3 Ve 3 } = Re [e^Td^ - me 3 ¥a 3 We 3 ] = £ . 

In addition to the chiral symmetry, the massless Dirac Lagrangian has a global non-Abelian 
symmetry, the Pauli-Giirsey SU{2) symmetry, 8 ) which is not an internal symmetry related to 
a multiplet structure of the spinor Since SU{2) = SL(1,M) = {q G H; \q\ = 1}, the 
kinetic energy part of the Dirac Lagrangian that we seek must be invariant under W — > tyq for 
q G SL(1,M), because the quaternionic Dirac equation fl5- 10[) possesses the same symmetry. 
However, this is impossible for the above choice of the Lagrangian because quaternions are not 
commutative. 

If we can assume that the left-most e 3 in the kinetic energy term of the above Lagrangian 
commutes with quaternions, we can construct a Hermitian Lagrangian with symmetry under 
the right-translation. We are thus forced to replace the left-most e 3 in £' with an additional 
ima gina ry unit which commutes with quaternions and changes sign under Hermitian conjuga- 
tion ]***)! We take it as the ordinary imaginary unit i used already in the second quantization 
to finally obtain 

C = iRe [vl/tf^V - m^cr 3 We 3 ). (5-23) 

We stress that the relativistic Dirac equation (15-lOp never requires the introduction of i into 
the theory. Hence we conclude that i comes from the requirement that the Dirac theory based 
on the spinor W allow a consistent Lagrangian formalism. 



*' The Hermiticity requirement means that the Lagrangian is the real part of a quaternion. If this assumption 
is not made, there is no hope to maintain the symmetry v|/ — » v|/g for a unit quaternion q already present in the 
equation level (|5-10p with m — in the Lagrangian formalism. For this reason the Hermitian Dirac Lagrangian 
proposed in Ref. 13), which is purely imaginary, is not accepted. 

**) The surface term in the action vanishes if we assume, for instance, periodic boundary conditions. It 
should be noted here that the above mass term identically vanishes due to the Grassmannian nature of the 
spinor ty. This difficulty is resolved through the introduction of i. 

***) The left-most e% in the mass term of the above Lagrangian should also be replaced by i to reproduce the 
Dirac equation (|5T0j) . Then the mass term is proportional to Re [^03^63], which is now nonvanishing. The 
overbar on the second spinor factor in the first term of (26) in Ref. 4) should be deleted. 
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Noting that, for any Grassmannian quaternions p = eiPi, q = e^qi with {pi,Pj} = {ft, qj} = 
{Vii Qj} = 0, we have 



qp = - pq , 

Re[qp] = -Re\pq), (5-24) 
the variation of (15-231) is given by (up to a total divergence) 

5C = iRe [S¥r%y + ¥r%6^ - m8V*<r 3 Ve 3 - m¥a 3 5We 3 ] 
= iSWiRe [eif j djty + d^T'tn - me^Ves + m^W^s] 
= i5^iRe [eifWjV + < J-'i)^ - meia 3 We 3 - me^a^} 
= 2iRe [SW^rdiW - ma 3 Ve 3 )\. 

We have thus showrj^that the action principle applied to the Dirac Lagrangian (l5-23p . 5 J d^xC = 
for arbitrary with vanishing surface term, yields the Dirac equation (15-101) . 

Thanks to the presence of i in the theory, we can make contact with the conventional for- 
malism in terms of the 4-component Dirac spinor by using the Pauli representation p (2-15) of 
W: 

Here, and p(W) are, respectively, 4x2 and 2x4 matrices, with 



(5-25) 



if, 



Co 2 - Ki 
V -Kl + Ci ) 



Co 2 + Kl 
V +KI + CI J 



n 




(5-26) 



where 2 is the 2-dimensional null matrix and ( a = e Q + eiQ + e 2 ^2 + ^C 3 ( a — 1? 2). The 
momentum-space expansion (15- lip corresponds to the familiar expansion 



i/j( x ) = [u {r \p)a{p,r)e^ px) + v {T \p)b\p,r)e 

p,r=± 



(5-27) 



and a similar one for flip*, where the operators a and are defined by ()5-2ip . 



*' The above manipulation indicates that the variation Sty is not indpendent of Sty. This is because, if we 
define the quaternionic deivative d/dq such that dq/dq = 1, we necessarily have dq/dq = —2. This contrasts 
with the complex case, in which dz/dz = 1 leads to dz* jdz = 0. (See, however, Lemma 3 on p. 375 of Ref. 12).) 
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We next set 



with 



7 



-ih 2 
2 ih 



7" 



-7° 7 \ (^ = 0,1,2,3) 



2 



-a" 
2 



a a = a a , (a = 1,2, 3) 



(5-28) 



(5-29) 



and thereby obtain 



p(r) = - 7 V- (i = 0,l,2,3) (5-30) 
Hence (14- 14j) corresponds to the Dirac algebra 

- p(rfi + r>n = T V + 7 V = 2^p(l 2 ) = 2 % 1 4 . = 0, 1, 2, 3) (5-31) 
We call ( 15-29P the Pauli representation of the gamma matrices. The Dirac equation ( 15- 101) reads 
p(f%V - ma 3 Ve 3 ) = - T °(f d^, Q^*) + m(V, = 0, 

(fdi + m)ip = 0, i>(Yd~i - m) = 0, $ = ^7°- (5-32) 
Also, using (12-171) the Dirac Lagrangian (15-231) is found to be 



£=-tr 



— im 



h o 2 
o 2 -h 



-iip, itlvfi*) 



— -[■0, (Ydi + m)ip] (up to a total divergence), 



(5-33) 



where we have used the relation f2 / ~f 0/ -f l ^1° = l lT ■ The reason why we automatically obtained 
the 'anti-symmetrized' form of the Dirac Lagrangian (I5-33P comes from the fact that the charge- 
conjugation transformation for the original quaternionic Dirac spinor W is defined to be linear, 
i.e. U' — > ty c = — cj^eiE^ To be more precise, we have the representation 



p(m/ c ) = (^ c ,^ c *), r^c^ T , 

The Majorana condition v|/ c = — u;tyei = W implies that £ 2 = — C le i- 



(5-34) 
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where the charge conjugation matrix C — I 2 2 ) satisfies C 1 yC = — r ) %T . Recalling 

\ i<?2 2 J 

p(Mf) = (if), f2i/j*), we recover the usual charge-conjugation transformation if) — » if> c = Cip T , 
which is nonlinear. The parity transformation is given by ty(x) — > W(xp) = ±a^(x), because 
p(V'(x P )) = (if)'(x P ),f2if)'*(x P )) = ±p(a 3 V(x)) = ±i(j°if)(x), 7 °^*(x))H Time-reversal 
in the one-particle theory is defined by v|/(x) — > v|/'(xt) = —cr 3 } \f(x)e2, which implies that 
p(W{x T )) = W(x T ),niP'*(x T ))=p(-(T 3 V(x)e 2 ) = (-^ T V*(x),i 7 V(x)). 

We are now in a position to show that the transformation — > tyq for q G SL(1,W) corre- 
sponds to the Pauli-Giirsey transformation. First, we define 75 = —Z7°7 1 7 2 7 3 = [ 2 2 

\ —ih 2 

= —ip(u)), so that we have Qif)* = — , y^C , ip T , leading to 

p(M/) = (^-7 5 C^ T ). (5-35) 

Similarly, we find 



q - tq 3 -iq l - q 2 
-iqi + q 2 qo + iq 3 



P (%) = (^,-7 5 c^; 

= (ail) - &7 5 CV> T , -b*ip - a*7 5 C^ T ), (5-36) 



where a = go — z<?3 and & = — %q\ + c^, with |a| 2 + |6| 2 = 1 from the condition \q\ = 1. Hence, 
we obtain the result that the transformation \|/ — ► \|/' = tyg implies 

if)' — aif) — bj5Cip T , 
<// T = a *^ T + 6* 75 C^, (5-37) 



We list here bilinear covariants and their Pauli representation, in which the conventional 4-component 
spinor notation is used and which can be converted into any representation: 

(S) RelVVaVeg] = (l/2)trp(W 3 Ve 3 ) = (1/2)0, # 

(P) Re[\|/t CTl \|/e 3 ] =(l/2)trp(*t £ r 1 Ve 8 ) = -(*72)0,7 1 s^]; 

(V) Re ^r^es] =(l/2)trp(Vtfnif e3 ) = -(1/2)^,7^]; 

(A) Re [Vtf^V] =(l/2)trp(\|/tf i \|/e 3 ) = («/ 2 )0,757 i # 

(T) Relvi/t^CTaVl/] =(l/2)trp(\|/t^«o- 3 M') = (1/2)0, <r ij >], 
with 2^ = (1/2) (.PI^ - rir 1 ) and ct« = (1/2«)(7V - 7^7*). Note that the factors in the bilincars of 
4-component Dirac spinors are 'anti-symmctrized'. The charge conjugation parity of the bilincars is easily 
determined by the linearity of the charge conjugation transformation of the spinor U' to be, respectively, +1 
(S), +1 (P), —1 (V), +1 (A) and —1 (T). From the expressions for the bilinear covariants in terms of the spinor 
it is easy to see that only (A) and (T) are invariant under the Pauli-Gursey transformations v|/ — > tyq for 
q G SL(1,M). This can be shown explicitly using the 4-component notation. 
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which is identical to the (canonical) Pauli-Giirsey transformation. 8 '' It is known that the Pauli- 
Giirsey group SU(2) is the symmetry group of the massless Dirac Lagrangian. This fact is 
more transparent in our quaternionic formalism. 

To find the associated conserved current (in the massless case), we consider the local in- 
finitesimal Pauli-Giirsey transformation, 8ty(x) = ty(x)e a 5q a (x). The variation of the kinetic 
energy part of the Dirac Lagrangian (15-231) is given by 

5C m=0 = iRe [S^rdiV + H/tf^tfH/] = iJldiSq*, (5-38) 

where 

J l a = Re[^r^e a ]. (5-39) 

Using (12-171) we see that 

J^-^^TV-^W]- (5-40) 
The charges Q a = j d 3 xJ^(x) together form a closed set of commutation relations: 

\Qa Qbl ■ Qc /r i,\ 

bpyJ=-^ C y- (5-41) 

The minus sign on the right-hand side here stems from the fact that the Pauli-Giirsey transfor- 
mation W — > tyq, with q G SL(1, H), is the right translation rather than the left multiplication 
as in the following example. 

In terms of the decomposition (|5-22j) . the Dirac Lagrangian (I5-23P becomes 

C = iRe [M/5_r W + - m^ + a 3 ^ + e 3 + Wlrd^- - m^_a 3 ^.e 3 }. (5-42) 

For the multi-component field W-t, (15-421) is invariant under the transformation 

\\j + (x) = g-^^x), v|/_(x) = g*- 1 V_(x), geSU(n), (5-43) 

where we assume in this paragraph only that W + belongs to the fundamental representation 
of SU(n), so that transforms like its complex conjugate. The associated conserved current 
is obtained by considering the local infinitesimasl transformations, 5ty + (x) = — iTAt A (x)ty + (x) 
and <5V_(x) = iT* A e A (x)W-(x), with Ta (A = 1, 2, • • • , n 2 — 1) being the Hermitian generators 
of SU(n), 

5C = (<9;e A )Re [¥ + r l T A V + - T^.] = iJ A (die A ), (5-44) 
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where 

J\ = -iRe [Vlf l T A y + - VIrTXV-] = -^ftW], (5-45) 

again through application of ( 12- 17ft . Their charges, Qa = J ^xJ^x), obey the commutation 
relations 

[Qa, Qb] — ifABcQc-i (5-46) 
where fABC is the structure constant of SU(n) defined by [Ta, Tg] = iJabcTc- 

In passing, we remark that the time-reversal in the second-quantized theory is defined by 

U T ^{x)U^ = -a 3 V{x T )e 2 , (5-47) 

only in the sense that Uxp^ix))^ 1 = Urp( — oj^{xT)e-2)U^ 1 reproduces the usual time- 
reversal transformation, Ut^{x)U^ 1 = RiP(xt) with R~ 1 Y*R = 7t- 

§6. Complex quaternions and Dirac theory 

As we have seen in the previous section, the introduction of the ordinary imaginary unit 
i, which commutes with Hamilton's units i,j,k, into the theory is not merely a notational 
technicality. Rather, it is a necessary part of the theory if we require the persistent presence 
of the Pauli-Gursey SU(2) symmetry in the massless Dirac Lagrangian based on the spinor 
group Spin(2, Hf). This allows us to introduce complex quaternions ty± to quantize the theory. 
We then assert that no conceptual hurdle remains to make full use of complex quaternions to 
formulate the spinor representation of the Lorentz group and the Dirac theory. Of course, no 
novelty is contained in this kind of reformulation. Instead, it is intended to show that complex 
quaternions are useful mathematical tools to formulate the Dirac theory also in general rela- 
tivity, as shown in Ref. 14). 

To determine the most natural notational usefulness of complex quaternions for the de- 
scription of the spinor representation of the restricted Lorentz group and the Dirac theory, we 
recall that the Dirac representation is a direct sum of two irreducible spinor representations, 
£,(1/2,0) £ ) (o,i/2) j w hi c h is re fi ec ted in (15^]) . What does this mean in our quaternionic formu- 
lation using Spin(2, H)? The answer is simple: There must be a unitary transformation which 
diagonalizes the Lorentz matrix (14-51) and the r 1 matrix. It is important to recognize that, for 
our purpose, there is nothing preventing use of the ordinary imaginary unit i commuting with 
Hamilton's units. Hence, we have the freedom to define the unitary matrix over the complex 
field C. In fact, the unitary matrix 
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can be used for this purpose, as we have 

= ( " ° ) ,Srtr> = ( -"' ° ) ,Sr-S- = ( " 5 ' ° . | , (6 2) 
\ U* J \ -b l J \ -V 

where we have defined 

U = Q-iP, UU = 1, (6-3) 
b = e , 6i = iei, 6 2 = «e 2 , 6 3 = ze 3 , 6 l = 77^. (6-4) 

The set {&o, b±, b 2 , ^3} forms a basis of complex quaternions, H c , with 

bibj + bjbi = -2%, kbj + bjbi = -2^. (6-5) 

We express a complex quaternion g 6 H c in a covariant way as 

q = b q° + b 1 q 1 + b 2 q 2 + b 3 q 3 = kq l , q i G C. (6-6) 

There are three operations, quaternionic conjugation, ~, complex conjugation, *, and Hermitian 
conjugation, for a complex quaternion q G H c : 

g = 6 g° - hq 1 - b 2 q 2 - hq 3 , 
q * = bo{q Q T -htff -b 2 {q 2 y -h{q*Y, 

gt = 6 (g°) t + &i(g 1 ) t + & 2 (g 2 ) t + &3(g 3 ) f - (6-7) 

Here, (q l Y represents the usual Hermitian conjugation. Nonethelesss, we write q* = g' for both 
complex numbers and operators q % . For p,q G EI C , we have 

pq = qp, (6-8) 
(pqY = Q P ■ (6-9) 

The real and imaginary parts of q G H c are given, respectively, by 

1 1 _ 

Reg = -(g + g) = Re g , Img = -(g — g) = — Img. (6-10) 

Since this is the same as the definition for the algebra H, Re q for q G H c is, in general, complex. 
The real part of the product of two factors is independent of the order of the factors, as in 
(ESD: 

Re[qp\ = Re[pg]. (6-11) 
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This leads to the cyclic property of the operation Re [• • • ] of an arbitrary number of factors. 
The norm of a complex quaternion q G EI C is no longer positive definite: 

N(q) = qq = qq = |g| 2 = (g ) 2 - (g 1 ) 2 - (g 2 ) 2 - (g 3 ) 2 = - Vij qW . (6-12) 

Thus, although N(qp) = N(q)N(p) for g,p 6 ff still holds, the algebra H° is not a division 
algebra. Unit complex quaternions form a group, which we write 

SL(1,U C ) = {q G H c ; |g| = 1}. (6-13) 

By definition, U of (6-3) belongs to this group, U G SL(1,M°). The Lorentz transformation 
f)4-9p becomes 

x — > x = UxU\ (6-14) 
where x = b^x 1 [see also (11-61) and (11 -7p ]. with |x| 2 = —r]ijX l x^. Writing x' % = A 1 ^x J , we obtain 

A i j b i = Ub j U\ (6-15) 

which determines a continuous function A 1 . = A 1 -{U). Together with its quaternionic conju- 
gation and (6-5), this equation leads to the condition A T r]A = t]. Since Re [fejfefe] = —f]ik from 
(6-5), multiplying (16-151) by b k from right and taking the real part, we obtain 

A i . = -RelUbjtfW}. (6-16) 

This gives A° = Re [UW] = Re [(Q - iP)(Q + iP)] = \Q\ 2 + |P| 2 = \Q\ 2 - \P\ 2 + 2|P| 2 = 
1 + 2|P| 2 > 1. We also have 

A i m b i A i n b j A k a b k A l t b l = (Ub m U^)(U r b n U)(Ub s U j )(U%U) = Ub m b n b s b t U. (6-17) 

Taking the real part of this equation and using the relation 

Re [bibjbkbi] = rj^rju - VikVji + Wjk ~ ^ijki, (6-18) 

where is the 4-dimensional Levi-Civita symbol with e i23 = — 1, we obtain (since r\ijA % k A J l = 
Vji) 

A 1 m A j n A\A l t e ijkl = e mnst . (6- 19) 

Thus we find det A = 1. Moreover, if we write A* j(Ux) = -Re [a%] and A j k (U 2 ) = -Re 
with a 1 = Ulb l Ui and (3k = U 2 bkUl, we can easily compute 

A* ^U^A* k {U 2 ) = ^(a'P^V + (b^VYfa + a\b^ k V) + n : (b s b ! ) 1,, (6-20) 
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Then, recalling the relations bjV = —4, b^qbP = —2(q + q) and b^qV = 2q, we arrive at the 
homomorphism 

A'jiUJA^iUz) = -Re [a%] = A'^U^). (6-21) 
Thus we have established the isomorphisrr0 

SL(1,W C )/Z 2 =L\. (6-22) 

Noting that the representation p of the unit complex quaternion U is given by 

P(P)=\ rr1 .rrO rT n T r 3 \ = ^V* E SL{2,C), (6-23) 



U 1 + iU 2 U°-U 



we conclude that 



SL(1,W) = SL(2,C). (6-24) 

We have thus proved the well-known isomorphism (15 Tp within the terminology of complex 
quaternions inheritated from Spin(2, M)/Z 2 = L' + . In particular, (16-141) becomes the well- 
known transformation X' — > X = AXA\ where X is given by (ll-ip and A = p(U). 

To express the unit quaternion U in terms of the Lorentz matrix A 1 p we multiply (I6-15P by 
V from right and sum over j to obtain 

A { AV 

U = ± . A .\ * , 6-25 

where we have again used the relation bjqV = —2(q + q). This formula is useful to obtain the 
infinitesimal generators in the spinor representation. Thus, for infinitesimal transformations 
A 1 j = rf j + u/ •, the corredsponding unit complex quaternion is given by ±U = 1 — ^uJij{b l V — 
b*b l ). This determines the Lorentz generators, i(b l tP — Vb l )/A, for the spinor-quaternion defined 
below. 

For the Spin(2, H) Dirac spinor, we have 

5VU = r , < V2 (6-26) 

^(C 1 + »C a ) = (6i)W = ^ t - 




Here and hereafter, we use the notation ip for the spinor-quaternion ip = biip l ^]\ It is a 



complex Grassmannian quaternion. Let q and p be any Grassmannian complex quaternions. 



*' The proof is a mere repetition of that in §4 using the diagonalization (|6-2j) . but it is presented above in 
order to allow comparison with a similar proof in spinor analysis. 

**' The Majorana spinor-quaternion satisfies the condition tpbi — ip, because £ 2 = — C 1 ei leads to -0 = 
(1/V2XC 1 + < X ei) = (l/v^CHl + h) and b\ = 1. 



30 



The formulae (16 •111) . (6-8) and (I6-I2p . valid for ordinary complex quaternions, should be changed 

as 

Re [qp] = — Re [pq] , 
qp = -pq, 

N(q) = qq = e a (q a q - q q a ) ~ e abc q a q b e c , (6-27) 

the first two of which were already used in the previous section, in ()5-24p . The third equation 
implies that Re[|g| 2 ] = for a Grassmannian complex quaternion q. The spinor-quaternion is 
subject to the Lorentz transformation 

ip(x) -> ifj'(x') = Uij)(x), ip*(x) -> ifj'*(x') = U*ip*(x). (6-28) 

Componentwise, we have 

i>' j (x') = (uikU^Yix) = (fyU^yix), = 0,1,2,3), (6-29) 

where the matrices i?j are defined by (12-211) : 

uj(b i ) = (2 i . (i = 0,1,2,3) (6-30) 

The spinor representation (I6-29P is 4-dimensional and decomposable into two 2-dimensional 
equivalent spinor representations, as noted in (12-221) . This means that we have the reduced 
transformation law 

W0V)=( P( ^ j (Vi>) j (x), = 0,1,2,3) (6-31) 

where V is given by (I2-22|) . In other words, if we set 

= (V^f = V>° + ^ 3 , £ 2 = {Vipf = i/} 1 + ii> 2 , 
771 = {V^f = V° - m = {V^f = -if/ 1 + i^ 2 , (6-32) 

we find that 

C(x') = A a ^(x), V ' a (x') = A a %(x), (a,/5=l,2) (6-33) 
where (p{U)) ^ = (aiU%p = A a p and {p{U)) a(3 = (cr*U%p = A/H To go further, we set 

vi = (bV~ l )o = \{b Q + 6 3 ), V2 = (bV 1 ), = i(6x - z6 2 ), 



*) Inspection shows that (p(U)) T 1 = p(C/), since det p(U) = 1 from |J7| = 1. The relation (|2-18|) is still 
valid for a complex quaternion, tup^)^ 1 = p(U), and thus the representation p(U) is equivalent to p(U), 
because detw = 1. Note, however, that p(U) is not equal to p*(U). Therefore, the spinor-quaternion contains 
only Wcyl spinors with undotted indices, while its complex conjugate contains only those with dotted indices. 
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(bv- 1 ; 



(bv- 1 : 



-^{h + ibz) 



and therefore we obtain 



I/, = btf = {bV^UVlPj = V a C + V* a T] 



(6-34) 



(6-35) 



This is equivalent to the decomposition proposed by Rastall, 2 - 1 using the projection operators 
P± = (b ±b 3 )/2, 



1p = + P-) = 4>L + IpR, 



VcJla, 



(6-36) 



where v x = b p + = b 3 p + ,v 2 = hp + = —ib 2 p + ,v{ = b p^ = -& 3 p-,i>2 = -b x V- = -ib 2 p-. The 
basis {vi,V2,v*,v%} is called the split basis, and the decomposition (I6-36P is called the chiral 
decomposition in Ref. 14). Note that the spinor-quaternion ip has two 2-component spinors 
with undotted indices only, while its complex conjugate ip* has two 2-component spinors with 
dotted indices only0 

The Dirac Lagrangian fl 5 • 2 3 [) becomes 



C = iRe 




+ im(il>', ij)) 




•37) 



where d = —b % di. The first term of this Lagrangian has the symmetry ip — > ijjq for q G SL(1, H), 
which induces t/>' — > (ifjqy = (qi^Y = ^q. This is merely the Pauli-Giirsey symmetry. Although 
this symmetry is hidden, we are led to redefine 




+ Vi 



fit 



VU 5 



R 



(6-38) 



to cast (16-371) in the form 

£ = iRe [v|/{ 





(6-39) 



In this form, the transformation i/jl — > i^iq never implies xjr R q for any q G SL(1,W). Only in 
the massless case does the spinor ^1 + ^2 determine the Lagrangian, so that the transformation 
(vj; 1 + v|/ 2 ) -> (Mf 1 + \\l 2 )q is allowed for q G SL(1, H). 



*) The Majorana condition i/)bi = tp implies £ Q = r\ a , where we define 77" = (cfjapVp- The Majorana spinor 
is given by i/jl only as ip = i/jl + i^jj^i- (There is an error in the sign of this equation in Ref. 14).) 
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The Lagrangian (16-391) was utilized to incorporate the Higgs mechanism into the theory 
in Ref. 5). Here we instead make explicit the spinor (undotted and dotted) indices of the 
spinor-quaternion. Using the relations 



b*v, 



a 



(6-40) 



we directly verify the transformation properties (omitting the arguments x and x 1 ) 



i>R = V aV a, 



V * A aV$ 




$R = v aV'a- 



(641) 



The first two equations here are identical to f!6-33j) . and the last two contain the matrix elements 
A & - = (A a p)* and A J 3 = (Aj 3 )*. We thus recover the well-known Lorentz transformation 
property of the Weyl spinors, as indicated in (I5-3|) and (]5-4j) . This result is reflected by a left- 
translation ij; — > Uip, and the chiral decomposition (16-361) . which, incidentally, carry no spinor 
indices. If we regard the spinor-quaternion as a 2 x 2 matrix field via the Pauli representation, 
it should not be forgotten that the matrix field represents 2 (independent) Wely spinors with 
undotted indices, while the complex conjugate of the matrix field involves 2 (independent) Wely 
spinors with dotted indices. 



As a continuation of the previous works, we have shown the existence of the spinor group 
Spin(2, H) over the field of real quaternions, which is locally isomorphic to the restricted Lorentz 
group. This establishes a close connection between real quaternions and our space-time, and 
it helps reformulate the Dirac theory such that the factors in the Lagrangian and the bi- 
linear covariants are automatically 'anti-symmetrized' upon using the Pauli representation of 
quaternions, which involves i. This is in conformity with our refomulation, which requires an 
additional imaginary unit commuting with Hamilton's units, leading to the scheme of complex 
quaternions. In contrast to the usual wisdom that complex quaternions are formally connected 
to relativity through the imaginary time coordinate, the present way of introducing i, which 
commutes with Hamilton's units, depends on a consistent Lagrangian formulation of the Dirac 
theory using Spin(2,H). It is not connected with the imaginary time coordinate, because the 
quaternionic Dirac equation (I5-I0p . though relativistic, does not allow the presence of % by 
construction, and the Pauli-Giirsey symmetry for the massless case never requires % at the level 



7. Conclusions 
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of the equation. 



To close this paper, we again emphasize the fact that quaternions and the space-time have 
the same dimensionality, in relation with general relativity. Let us rewrite the Dirac Lagrangian 
(I6-37P in the form 

mass term. 

This is Lorentz invariant by construction. To make it invariant under the general coordinate 
transformations x M — > x" 1 = x'^(x) (fi = 0,1,2,3), we have to assume, as usual, that the 
spinor-quaternion is a scalar, 

4>'{x') = ip(x), 

because it has a single component, and replace the gradient d = —b l di with 



D = -b^, 

where the vector-quaternion b^ = b^(x) transforms as 

Since b^ix) is a Hermitian quaternion, we can write it as 

W{x) = Wb^ix), 

where the vierbein b^ is real field. It then follows from (16-51) that 

W{x)l v {x) + b u {x)¥ = -2g^{x), 



where 



g^(x)= V ij b i (1 (x)b/(x). 

This means that we can regard g^ v (the inverse of g^ u ) as a metric tensor in general relativity. 
If we also require the local Lorentz invariance of the Dirac Lagrangian, the quaternionic nature 
of the spinor quaternion introduces a coupling of it to a Yang-Mills type gauge field = 
(l/8)A fl ij(b l bi — IPb" 1 ), which has 6 components for each /i, since the Lorentz group is a 6- 
parameter group. The final result is the Poincare gauge theory with the metric condition 
yielding the Riemann-Cartan space-time. This ends our brief comments on the application of 
the formalism in §6, which is thoroughly discussed in Ref. 14). 
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Appendix A 

Some Propertis of Spin(2,M) Matrices 

The matrix (|4-5j) of Spin(2, H) has several interesting properties, which are given in Ref. 4) 
without proofs. Although they are not all needed in the analysis given in the main text, here 
we list them with proofs included for completeness. 

(I) A = ( Q p = e B(q ' P \ B(q,p) =h -J, q,pe H . (A-l) 

(II) A = ( Q p ~^ J = R(a)B(fi) = BQ/)R(a), (A-2) 

^ ) = ( J' a =m (A ' 3) 

B{p) = -— L= ( 1 ^ J , fJL = -Q^P G e , // = -PQ- 1 G H . (A-4) 

Vi + /i 2 \ -/x i y 

(III) P(a) = e B{q '°\ a = e q , (A-5) 
BU) = e B(M , fi = tanh \p\. (A-6) 

IpI 

(IV) R(a) describes spatial rotation, while B(p) represents boost. 

Here, Ho is the set of pure quaternions, Ho = {q G H; q — —q}. 

The proof of (A-l) is by induction. Assume that the n-th term in the sum 



oo 1 

e %) = V>(w) 
^— ' n 

n=0 

is of the form A: 

n-th term in e B{q ' p) = —,B n (q,p) = ( Q ~ P 

Then the (n + l)-st term is 

Q' -P' \ ( q ~p\( Q'Q ~ P 'P -Q'P ~ pl( l 
P' Q' J V P q j ~ \ P'q + Q'p -P'p + Q'q 
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which is also of the form A. Since the first term B(q,p) is already of the form A, the sum 
Yl^Lo ^B n (q,p) is also of the form A. Next, we have AA = e B e B = e~ B e B = I2, because B has 
only pure quaternions. 

The second equality in (A-2) is obtained by writing P = —Qp, and the third by putting 
P = -fi'Q. Thus we have 1 + /1 2 = 1 - |/i| 2 = 1 - \Q^P\ 2 = |Qr 2 (|Q| 2 - |P| 2 ) = \Q\~ 2 and 
simlarly 1 + pi 2 = \Q\~ 2 . 

To prove (A-5), we note that 



with a = e q being a unit quaternion, because q G M. . To prove (A-6) we also use the expansion 



1 \ -p \ 1 -p 2 

1 + L +4 V 



cosh \p\ — (p/\p\) sinh \p\ \ 1 / 1 p 

(p/|p|)sinh|p| cosh|p| I y/l + p 2 \ -p 1 



with ji = — {p/\p\) tanh \p\ and 1/y 1 + p 2 = cosh \p\. 

The property (IV) is checked as follows. For R(a) = I ) , we have 



X' = R(a)XR\a) = x°r + 



a 

— a(x ■ e)a _1 

a(x ■ e)a _1 



This implies that x'° = x°, x' a = R a b x b (a, b = 1,2, 3) with R a b = n a n + (5 ao — riant) cos 6 — 
Gab c n c sin 9 if a = cos (0/2) + e a n a sin (0/2), which follows from q = e a n a (0/2)ij We thus 
find that R(a) describes spatial rotations about the direction specified by the unit vetor n = 

{n 1 ,n 2 ,n 3 ). For B(p) = (l/y 7 ! + fx 2 ) ( 1 ^ ] = exp [ ° P ) with /i = e a n a tanh (C/2) 

V -p 1 / v p 

for p = — e a n a ((/2), we have, from X' = B (^XB^ (p) , 

,0 _ 1 - V 2 x o 1 ^ , _ C„„„l, /•> „o 

1 + 1 + p 



x'° = — — -x° 2^^ x ' e ) + ( x ' e ) a ) — (cosh () x° + (sinh () (n ■ x) 



x' ■ e = -(x ■ e — p(x ■ e)p + 2px°) = x + (cosh£ — l)n(n ■ x) + (sinhOa; n 

1 + p 2 1 

Hence, we conclude that B(p) describes a boost along the direction n. 

The suffix a should not be confused with the pure quaternion a. 



e. 
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